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P((X7Y)€A)://Afx,y=///ﬂ{2 Tafxy

pxy < fxy
070707 X, Y ON
07 pn oanvn X, Y1 g:R?2 — R Awro, Z = ¢ (X,Y) :X20 19182 1T000 2P0 MNwn Sv 1apna manm
AV TN A 955 NI NP Z71 (A) 9m9 TTn nvnd ¥oy papn Mnvn i Z v mn Yy 9.34 nayn

.g oV
2 M NP0 g 939) .t 939 NI gL ((—o0,t)) W DPPN gv Paon

9.35 Vawn

(MM X9)
BN YD W3 RN Z =g (X,Y)

// 9 (z,9)| fx,y (z,y) dzdy < oo

IN
E(Z)=E(g(X,Y)) = // g (&) fxy (@,y) dedy

(Z (1., Tn) 7 YD)

9.36 VaVN

IR NI W XY DX
EX+Y)=EX)+E(®)

G v X 4 Y 9 0193)

J20) :0VP NN

g(z,y)=x+y

X+Y =g(X,Y)

170 AN ,noMn noya Xon X + Y v nan by

?
/ lz +y| fx,y (z,y) dzdy < oo
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25 PN
1o+ vltxy sy < [ [ lal fey o)+ ol iy (o) dody =
—00 —00
fx ()
[lat| [ rer@oay) o [wi| [ v @oyas | ay= [lalsx@des [l @y
fx(y) <o <o
D .oMn oya X, Yw 2o
=E(X])) +E(Y])
AN 2N MR LNOMN ooyl X + Y )05
[ 9wt @) dody =B (O +EY)
] W1
9.37 791N
Cov(X,Y) =E((X — px) (Y — py))
IUND
px = E(X)
py = E(Y)

(o»pY NNINI)
9.38 Mmpon

Var (X +Y) = Var (X) + Var (Y) +2Cov (X,Y)

MonoN 9.3
o’or o”ononva XY
P(Xe€eAYeB)=P(XecAP(Y €B)
. A, B C R mymnn 939
(o»wnn X, Y napna) ooyop A, B M2y D9pn My paon ATy

px.y (i,7) = px (i) py (§) 0"ox ombnonba X, Y 79720 npna
9.39 VavNn
IR fy Wy fx MO MW 2, fx,y 9 MO T (2, y) Y MY W3 X, Y bR
fxy (,y) = fx () fv (v)
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(NS IMNNT? IWOR)

N

Fxy (s,t)=P(X <s, Y<t)=P(X <s)P(Y <t)=Fx (s)Fy (t)

293P 99 O"NNY 5 090 OTIP M

fxy (s,t) = 5—Fxy (s,t) = Fy (t) fx (s) | = fx () fv (t)

Fy

0
ot, 0s ot

D90 PNY DYIAPHN DINVN DY P71 DD PO VOVYN IMIN 9.40 NIYN

le,w’Xn = fX1 'an

:avny .omononva XY, Z ~ U [0,1] viv 9.41 Nt

P(X>YZ) =
M
Ix=Jfr=TFfz=1py
oD NN
1 0<2,y,2<1
fxy,z (@,y,2) = Loy (2) Lo,1) () Lpo,qp (2) = {0 i =g 3 (,y,2)
P(X>YZ)= /// Lo,qp2 (u, v, w) dudvdw =
{(Iyyvz)il’>yz}
1
///1dudvdw—/ /(1—Uw)dv dw =
00 vw 0
/ / 2\ [ 13
v w
- 1 _Z - _ ) 21222
[ (=5 = [ 6-F)an= (-], 1-3-1
0 0

9.42 VaVN
OYPY Z = X + Y IR DI N3 DMIpY DYRMWY X, Y vn

z):/fx(zfu)fy(u)du:/fX(u)fy(zfu)du
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Jx, fy 99 9anp RIpy 97N HNVYRD 9.43 NN
TP2NAND MY NN IR ON pxyy (i) = > px (i — J) py (§) 7720 nIpna
J

iala=in)
Fy y()=PX+Y <s)= // fxy (u,v)dudv
7 {(z,y):z+y<s}

M OAN ,MONT MTIPI DY DTN AN D D) TODO N0 M) fxy = fxfy 1199 ,mMONON ©hn DN
2D2P) L(MYaVn XD ,0AX NTHN NV NNIN ,MONIN N TMITIPI TN DNOVYNR OWVIY DRY 1P ;200 PPaDN

FXer(s) = / / fx (u) fy (v) dudv = / fy (¢ / fx (w)du | dv = / Fx (s—v) fy (v)dv
Y ew RS oo ~o0
—_—————
Fx(s—v)
9PN 5299 MM
oo d o0
fxiv (s) = d_Fz (s—v)fy(v)dv= [ fu(s—v)fy (v)dv
N—— S
SEx 4y 7% -
~——
z
| | VAT
9.44 VaVN
(MO K

AN TMIN ORI D Y3 X, Y DX

E(XY)=E(X)E(Y)

PAN WY NIPNIA 12 223N MO, TTAN NIPNI PRI 9.45 NAYn

0N omoa XY ~ U [0,1] 9.46 Dnont

x4y =7
fxiv (x) = / fx (z—u) fy (u)du
Ix=fyr=1py= {(1) ze0.1]
PPN

Ix@—uw)fyr(u)=1<= 0<z—-u<1lA0<u<l

DN MY PNz > 2 N 2 < 0 O
.fx+y = F)/(+Y = 0<:Fx+y (t) =0,<00oN
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AN 0<z<1oKN

/OOfX(Z—u)fy(u)du:/Zdu:z

0

LU > 2 AWRD DANNN VHVIN 0 < u <10
N1 <z<2 0N

fx+y (Z) ldu=2—-=z2

Il
L~

NN MPONM

[x1v(2)

9.47 Myv
IR VWY BY BN 3 XY DX

Var (X +Y) = Var (X) + Var (Y)

P> TN POIND W YYD 19N NN

2Cov (X,Y) = E((X — jix) (Y = piv)) = B(X = x) E(Y —py) =0-0=0

2990 N 070N Y2 XY ON 9.48 Ny

Y' = h(Y)
95 oMo mva X, Y

P(X'eA, Y'eB)=P(Xeg'(Ad),Yeh ' (B)=
P(Xeg'(A)P(Yeh ' (B)=P(X'€eA)P(Y' €B)

9.49 NIyv

(MO K
OVV? oYY N3 Yo, Y oy X, X, DR

P(ﬂ{XiAl}ﬂﬂ{Yi eB}) =[[P@icA)[PieB)
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DO N3 g (X1, .., Xn), Y1, o0, Y g DOSTYD 997 MR

09non9 Y ~ (pg,03) X ~ N (u1,0%) viv 9.50 mnt

1 _(z—pp?

fx = e i
\/27‘(0’%

NZ=X+Y oN
Z ~ N (1 + pa, 07 + 03)

2D 25 VWY LNNT DN

E(Z)=E(X+Y)=E(X)+E(Y) = i1 + s

RERak)

Var (Z) = Var (X) + Var (Y) = o + o5

W IO DWIAP WY MININD D900 )00

f2 () = ereleenes

0PN M Z ~ (p13,03) @ ¥ 1N D

M3 = p1tp2
_ 2 2
o3 = 0]+03

: paon
Fo () = creen®revnes
fo(u) = / fx(w—2)fy (v)dv=c / exp (02 (v—u)’+ 031)2) dv
—0o0 —0oQ
2 2 2 2
ca (v —u)” +e3v” =c3(u—cqv —¢5)” + cgu” + cru + cs
Haia) i)

exp (...) = exp (u 2 M) exp (u — cv 2 NDA)

2D MY OTIPN DVVYRND 19N

o0
= ¢7 exp (u 2 ") / exp (u — v 2 °y127) dv
— 00
) 09N DDVOYND TIY NN NMIYY MDA IPARD NINYN NASNN MYYY IYIN SNDOVYNN Tina

o0
=crexp(...) / exp (u 2 DN NS DNTPRYa W) dv = ¢ exp (u 2 W)
—00

VITYD
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MM MY 9.4

MY HAVWY W NN 9

MM Moy 9.4
NN Y =y ymna X SV maasn 9.51 NN

fX,Y (1’, y)

fX\Y(x|y): fY (y)

_ px.vy (4,9)

(px|y = P25t 20D TN Npna)

kinlap)
PTIND DN

P(X€A|Y =y)

709N MIANDN DY YNIRD NN Y = ¢ 9WUND
9.52 MpoN

TROYON TIVIPNO N

:WNY Y2 AVNY ANMN

/ Ix|y (z|y)de = fy;(y)/ fxy (zy)de =1

N —
fr(y)

TPHNIVIN
. _ P(XeAy<Y<y+9d)
P(XeA|Y=y=1lm P(XeA|ly<Y < 0) =1 =

(Xedl y)=lim P(X€A|y<Y <y+d)=lim P<Y <yt

y+4

| fxy (u,v)dv
li Y — fX,Y (’U,, y>d _ d
550 wto NP “h v [ Sxrlly)dy

f fy (’U) dv O N9 T DY MSNN NN INHM D00 A4 NN Y A

Y

W ) 9.53 HnnT

c-uv 0<u,v<1

0 NAINKN

fX,Y (U, U) = {

PO X<3[Y=1)wmn

2’y yapy ¢

/ fxy =1

NI VAN =6

1
1 1 1
PlO<KX<=-|Y==|= i I |
(_ _2| 3> /fXY(U|3)“
0
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1 u? u?
E C—= _ 03

1 cu?
fX|Y <u | _> = 3 _ e~ 3
TR T a2
—00 0

92PN MNTPIN ANNYNNIN DDOVPNI DN

w?du

O — i

1
[ v2dv
0

DNNN MO PNV ND ITO N8P

z—1<u<z<=0<z—u<l1

2<0Wz>2<«<uypNmax{0,z—1} > min{l,z} oN max {0,z — 1} <u <min{l,z}<=0<u <1

min =2 max =07 0< 2 <1 0ON :DINX OIPNI
.min=1lymax=z—17N1<2z<20ON

DYYNRN DNIPN DNNYN HY MHITO YY Mmudnn 10
n=1,23,...w8 X, : Q = R :0pn ownvm (2, F, P) Mm1anon anm pni

(almost everywhere, almost surely) Tnn vyns X,, — X @m0 oyNnd 10.1 N7

95 L lim X, (w) = X (w) 07pmmn w € Qg 9991 P (Qp) =1 Yya (7m) Qp C Q v ox
n— oo

P(lian(w):X(w)) =1

n—o0

(in probability) maanona X,, - X :m93n09nHa 10.2 1970
€ >0 935 BN

P([Xn = X[ <e)=P({w] |Xp(w) =X (W)[>¢e}) — 0

P =nTnx maanon nn o Q = [0,1] >0 10.3 AnnT
Blalol

Xp (w) =w"

.MNanoN Prn vynd X, — 05 MNIND DX
([0,1) yopa 05 PNTIPI NOIONN NPYPNSN NI1TO) W™ — 0,0 < w < 1935
n—oo

P([0,1))=1
22 pnay van P ({1}) =0

P([0,1)) ={w [ X (w) = 0} =
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AX =0) .norpnn nminn Qp = [0,1) May
:MINANONA MOIdNN

(X, 0>} ={we0,1]] [w"—0]>c}={we[0,1]] w">€}:{w€[0,1]| w>51/"}: [gl/",@

9 PN DAN

P(X,—0]>e)=P ([gl/", 1D —1-¢/" — 0

n—oo

nanona X, — 090

NTIAY YT ANV LTHRN VYN KO DAN MIANDNA NDIDNN IR D297 Y DIV OY NNHNT NN»N IND 10.4 NYN
Y DN ND

10.5 vavn
THNZHDN3 MDVIDHD AN VR VYV TWOIDNN

P (X, —X|>e) — 0rond iy e > 0 yapy ,pon voynd X, — X 1770 NN :Aanmn
n— o0
VT

Cn={w| | Xk (w) — X (w)| > e v 12k >n orp}

& =mn My morpmn C, nmin oo {|X, — X| >} CC vy
39 Cri1 CC, 2250w P(Cr) — 0 IO TPY 0 P (| X, — X|>e) < P(Cp) 1>
n—oo

lim P(Cy) =P <ﬁ Cn>

n=1
:1 MMIanona yINn Sy, THnn vynd X, — X v o

X, (w) = X (w)

w ¢ 01 Cp 29 .09 o n My w ¢ C), V1921 PoN T 1 Y0 | X, (W) — X (w)] <& :Md w My

W T2 (TN VYN MOINN NITHM) P (Qp) = 1 oy Oy vvw 1rrIn ,m9d

ﬁ Cn € O\Qo
n=1

(w ¢ Cn<:w (S Q() D)
=1

n

N Cn) =015

n=1

[ | D' P (

modNN 03 1y wr .Cp, = |J B N B = {| X, — X| > e} nx oy ox € > 0 ymna 10.6 Hyn
k>n

o0
P (Bi) =0 ax liminf By = 0 ox 2 wrm .P [ () G | =0 <= o vynd
n=1

lim inf By
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w75 0,1 029y Dy ,05N *No2 0»IPN DINYN X, P> 10.7 HNNT

1
P(X,=1) = =
(Xo=1) = -
P(X,=0) = 1—2
n — - n
P(X,=1)=2 — 05 {|X,, — 0] > ¢} = {X,, =1} s e >0 ox »» mianona X,, — 0
n—oo

RN vy X, - 0 99 onys MorN X, = 1,1 MIANoNa 0 AN

o0
S oy > P (X, = 1) = oo tmNIND 2T v 2H0ip Y3 nad

n=1

09130 D900 N 10.1
10.8 vavwn

TWDTD IRID AINIPNON R (2, F, P)? Yo Mpp punwo Xy X, v
Y =supX, A

n

7 = iprn 2

W =limsup X,,

n—oo

V =liminf X,, .4

n— o0
D

V) {w : lim X, (w) D“v} e F?

n—oo

YIRD RN

ANt >0 .n5mn dyay X > 0 ox 10.9 n99tn

(D72 DINYNY PN, IPID PIVY ON INR)
>090 p=E() mavdoya Y ox

Var (Y)

P(Y —pl > 1) < —
(D772 OINYNY NN IND O) ,3‘()’3'3 MY 'N)

MO DY DINYND NN
PN PIVY ON

E(X)= | ofx(z)dz = rfx (x)de > [ afx (x)de >t | fx (x)de=t-P(t <z < o0)
_ZO w20=>x<\07;x(w)=00/T t/ t/ e

P(X2t)

WITID 2PN PIPYOR NN DapN ta pohny
AW’ IMPY OX NN IR

P(Y —p| >t)= P((Y—u)2 > t2) < E<(Yt; ”)2) _ Va;(Y)
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| P IIPYORND NN DD DNRIPD PIY ORD
OPPNY NHMN NYIYS WY NNIN NIYI 21PN YHNYNI NPDO TN

E(aX +0Y) =aE(X) 4+ bE (V) :nvanyh .1

E(X)>E(Y) ax nmp 522 X > Y neaoon .2

E(1s4)=P(A) HSm» 3

NO/NN NMN D919 MIANDN MY ON PN NIT0 NN X1, Xa, ... 29PN DINYHN NITO 10.10 N7

VZ,] FXi :sz

(independent identically distributed (iid))

momn v 0200 <— nomn dSya X 10.11 H9yn
MY 2230 930 .NOMN IMN N

YIND BINTHD THIOOLN PN 10.12 Vawn

o0 g = (X7) ywonVar (X7) D9 ,IN3RDD MY BN N3 DMPY ey X, Xo, ... DX

1
Sn:ﬁ(X1+X2+...+Xn)

N3NNI S, — g RN

:0 < € yMNa ,oINY AN NN
P(|S,—p|l>e) — 0

n—o0
125 DV)
1 1 1 1 1
ES,) =E|{-X1+-Xo+..+=-X, |=- | EX)+.. +EX,) | =—n-p=pn
n n n 2 | ~—— —— n
H M
W'Y MYV ON 8D )0Y
Var (S,
P8, ] > 2) < 250

LDOND GNIV % 0D MOINY AN
VM)

1 (& 1 1
Var (S,,) = Var <E (ZX1>> = ﬁVar (X1+...+Xpn) = — Var (X;) + Var (Xo + ...+ X,,)

MON NS NNAVN 5N XN52 NNSWN

MY 0150 NIN 09N YN0 DAIPR DINYN DY DIDD DY MNY 1D NI PIPYN

1 1
:ﬁ(Var(Xl)—i-...—i-Var(Xn)) = ﬁ(nVaer)
Vk Var X,=Var X;
DaPN N
Var (X, Var (X71) 1
P(ISn—p 2 ) < Y En) _VarlX) 1,
g g n n—oo
—
yap
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10.13 Mpon
AR DD N3 Ber (p) oonwy X, bR

E(X:) = p

1< 1
S, = = X;="#{1<i< X, =1
”Z} n#{ i<n| }

JINTEDN V0D PHIVYT TN ™Y
DNTHN DIODHN PINY DY

RARES vy E]
(YHIVD HINZEN YODD) ~ = (FH3 NDH3 DRI Y TWI3NDN)

WNI . TY DRN T np Ty 00w pA, () v 9N o w4, = X1 + ...+ X, ~ Bin(n,p) 1003
A/1 5% 5T AToN Jpnn n»oo 199 Var 4, = n Var (X;)

ON DV N ¥ Y -HY DIIN . Y2101 .07p oX [ (Y’“) NI Y pn manwn v kN 0mmn 10.14 H910
.0<k <nbYv3> k vmm orp

10.15 Hayn
m=EY) 1
(' =1 ,k=2 My wx190n2) &' < k535 k' 0aom w IR k 0mmn v OX .2
(271) ©PIP DOVLIVVN I (W €N D [V (W) <M w1 M eR w ,m>5) oon Y ox 3
(990) .2VIVM N+ 1 RY HAR DVIMN N DY DPIPN OINYN W n 900 4

PIHD TINTHID THIODHLD PN 10.16 VOVN

O VYYD S — 4 IR DOIMY & B W BRY ININDD MY DN A3 DMPY BHIWY X1, Xo, ... BR
(N =E (X 1))

10.17 7Y

YD £ > 0 M3y DMPY DHNWY Y, Y v

Ac ={w: |V (w) =Y (w)| > e on ©wWworr?}

P (A) =0 o™y € > 0957 B'"oR Ton vy Y, = ¥V

w € Qo 999 P (o) =1 ,ymn Qo C Qo ronoynd Y, = Y moa :hnmn
Y, (w) =Y (w)
PA)=1-P(Q) =0 A, COAN\Qy <w ¢ A. R w € Qp < > 0 M2

DY PP
P Ve >0 P(A) =0

A=Ay
k=1

0 Y, =Yy orm Y)Y, » yarn an {|Y, — Y| > e} 5v limsup X0 20 ynn N0 A 10.18 1yn
YD 0) A 1991 Y, Y OV navNa idspng
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P(Q)=1-0=1:3p9P(A4) < ZP (Ai)) =>20=021pnay . Qo = Q\A v

k=1

[V, (W)=Y )| >vp0<ewinY, (w) »Y (w)ox fw]| Y, (w) »Y (w)} CTA »5 mrInd Ny
.0Mpnn enn Yop % Y T3k Npd) € = 1/k W nnd IWaN .DMYs MOPN €

[ ] (Yo (w) =Y (W) we Qg 925v 1Ny d) w e Ay, © A0

W g > 0999 MNIND W Nndn vad NN PINN DOYITIN DI90NN PN LAY NN NN
P{|Sh —p| >¢e o qorx Mmay}) =0

OPPNMY .MIANDN MY 00N onva X R X = X, — g0 T ON 0D amm g = 0 b N
E(X])=0
DN

1
SL:E(X{+~-~+XL)

RN vyNd

(Sn—n)

RN VYNS S, > = THN VYIS S, —pu — 0N
0 <e D30 oD Py . =0 rrnyd

P({|Sn] >e o gorxMy}) =0

ININYD T OHVIP DN D

10.19 7Y
4 C
E(S,) < o

13 R 3R, X7 W DOIVIVI NI MIP ¢ IWRD
NN
1 n n 1 n 1 n
E(S,) =E <<;in> ) =B X xxxX || == Y BEXXX)
i=1 i,5,kl=1 i,5,k,1=1

4, 7, Kk, L nvyan bv opn nnd W
AN DY 00D .1

E(XiX;Xp Xi) =B (X}') = 14

K2

DNV 091D KY VAN, DNV DOPTIN DN DY v .2

E =
(X1 X2X1X5)
X12X22 mHn NN

E(X7) E (X3) = (n2)°
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=0

E <X2X2X3) = E(Xp)E(...) = Hund 00t nend 00912 0INNND) DINND 90 NHYY TAN DPPN v .3

mon ON

0

0

1
I (Si) = F Z Ha + Z (,LL2)2 + Z 0
i?j’k7l i?j’k7l i’j7k’l
1 »on 2 NN 3 0on

4

.DNYY DNTON MND 99D ,n NN DOPYN 2 YV NPNI) 2 NoN (2

)(5) < en? .1 non NPYaT R v D PR
1 2 9 c
= — n+c n ) < —=
- (M4 (12) <3

[ ] VAT

:0”PNN 1D DAPI PN MY ONDY NNOIN

, E (S}) c 1
_ 3 4 n
P(|Sp| = e) =P (S > %) < S g
PN PV R nnon
3o
[ee] oo 1
4
Y P(Stze)< Y 7 5 <
n= n=1~~
const
[ ] VIO
[0,1] 5y h1onN MAanoh Yv NRN 10.1.1
P(X,=1i)=:0pmi=0,1,...,9 1y ,{0,...,9} by oTnx 01N N1 0»1pn onwn X, Xo, X3... viv

. 1
TN .75

ad XTL
X = Z T 0.X1X5X5. ..
n=1

(>»7vy 2nd)
W NP (TN NN MDI) PN MHNYN M

10.20 myv
X ~UJ0,1]

TPYNT NN

Vee[0,] P(X=x)=0
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x=0.x122x3 ... WRI{X =z} = N {X, =2}

n=1

N N
. 1 i 1
n=1

n=1 110
2NN DY MNY MOX 0913 ,(0.1 = 0.099999999999 . . . MONTY) NN Y DND ¥ IWUN DI19DN ¥ 2D PN
.0NNn TNN 905
10.21 v

:0<E<10" -1 o

NP MTIPI 2TD TY NN

.05vD kSV myn NMing

10.22 01
315 316
—— <X <—=1{X1=3,Xo=1,X3 =5} U {mpn=X v yxnn
1000 = X = qgpp — X1 =3 X2 = 1, X =5} U {rmpr )
P=0
P(Xlzkh ;Xn:kn) = P(Xlzkl) -'P(Xn:kn):107n
mHn xR
[ |
10.23 Mmpon
09 9 DY M Wt INU ~U[0,1] Wy P(Xel)=PU€l)
9"5 I, Io, ... ©YOP ¥ 170 12 TN N0 [0,¢) yop 95 N3y
it 999 yan
P(Xe[0,t))=P <X € UI) =Y P(Xiel)=> (Uel)=PU<t)
=1
9”30 DYLVP DY, NI TINND YN
mISonNn M 0N PO
[ |

10.24 Myv
:{0,...,9}€K5)5 w U =0.U0,Us... ‘UNU[O,l] AN

1
lim —#{1<i<n| Ui:k}:%

n—oon
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